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Recent estimations of the Hubble parameter H0 based on gravitational waves (GW) observations
confirm the discrepancy between the value obtained from large scale and small scale observations,
such as low red-shift supernovae (SN). In order to investigate the origin of this discrepancy we
perform a combined analysis of the luminosity distance of SN and GW sources and reconstruct the
velocity and density field, obtaining evidence of a local inhomogeneity with a density contrast of
about −0.048± 0.003, extending up to a red-shift of about 0.083± 0.005. The dominant monopole
effect of this inhomogeneity on the luminosity distance is proportional to the volume average of the
density constrast inside the sphere of radius equal to the distance of the source, which is suppressed
outside the inhomogeneity by the inverse cube of the distance. As a direct consequence, since
most of the GW sources are located outside this inhomogeneity, they are excepted to be only
negligibly affected by it, implying a value of H0 in agreement with cosmic microwave background
(CMB) observations, while most of the SN are inside the inhomogeneity, giving rise to the apparent
discrepancy between the two different estimations.
INTRODUCTION
Recent gravitational waves observations [1] have provided an estimation the Hubble constant H0 in agreement
with large scale estimations based on the cosmic microwaves background (CMB) radiation [2], but in tension
with the value obtained analyzing low red-shift SN [3]. The latter analysis is based on the assumption that
the Universe is well described by a spatially homogeneous solution of the Einstein’s equations, but only an an
unbiased analysis of observations can actually confirm this hypothesis. There has been for example a mounting
body of evidences pointing to the existence of a local underdensity surrounding us in different directions [4],
confirmed by other analysis [5]. There have been different approaches to the explanation of this discrepancy
[6, 7], but here we will not propose any modification of the standard cosmological model, but only perform an
unbiased analysis of SN and GW sources luminosity distance data, in search of a possible evidence of peculiar
velocity fields normally ignored when assuming a FriedmannLematreRobertsonWalker (FLRW) metric.
While number counts observations only allow to measure directly the baryonic matter distribution, other
effects such as gravitational lensing, allow to measure the total matter density, including the dark matter com-
ponent, since gravitationally baryonic and dark matter produce the same gravitational effects. One possibility
to overcame the difficulty of deducing the total density field from number counts, due for example to selec-
tion effects, could then be reconstruct the total matter density distribution from the effects it imprints on the
luminosity distance of standard candles [5], and standard sirens [8]. At low redshift the main effects of inho-
mogeneities on the luminosity distance of the sources of electromagnetic waves, such as standard candles, is the
Doppler effect [9, 10] due to the peculiar velocities of the sources and the observer, and a similar theoretical
result holds also for the luminosity distance of GW waves sources [11]. It is consequently possible to apply the
same reconstruction methods derived for standard candles [5, 10] to standard sirens, and perform a combined
analysis of the luminosity distance of the sources of both gravitational and electromagnetic waves. At low
redshift and in the perturbative regime the monopole of the effects on the luminosity distance is proportional
to the volume average of the density contrast [10], and for an under-density it corresponds to an outwardly
directed peculiar velocity field pointing towards the outer denser region, implying a local increase of the the
Hubble parameter, which could account for the apparent difference between its large and small scale estimation.
Motivated by this apparent discrepancy we adopt a an unbiased approach, i.e. we do not assume homogeneity,
and let the data reveal whether the local Universe is in fact homogeneous or not. We analyze the luminosity
distance data of supernovae (SN) Ia from different catalogues combined with the luminosity distance of 9 GW
sources identified by the Laser Interferometer Gravitational-Wave Observatory (LIGO), and use this combined
set of data to reconstruct the peculiar velocity field of the sources. We find a strong statistical evidence of a
radial peculiar velocity field consistent with the one produced by a local underdensity with a density contrast
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2of about −0.048± 0.003, extending up to a red-shift of about 0.083± 0.005, in agreement with previous studies
using number counts [4]. The implications of the existence of this local under-density are profound, since not
taking it into proper account can produce a miss-estimation of all background cosmological parameters obtained
under the assumption of large scale homogeneity, and explain for example the apparent discrepancy between
different measurements of the Hubble constant [10].
THE EFFECTS OF INHOMOGENEITIES ON THE LUMINOSITY DISTANCE
Assuming the effects of the observer velocity have been been removed, the dominant effect of inhomogeneities
on the angular diameter distance at low red-shift is given by the radial component of the emitter peculiar
velocity ve
DA(z) ≈ DA(z)
[
1 +
ve · n
z c
]
. (1)
where c is the speed of light, the unit vector n is in the direction of propagation from the emitter to the
observer, and DA(z) is the background distance. In the above equation we have assumed to that the peculiar
velocity of the observer is zero, which is consistent with analyzing data from which our peculiar velocity with
respect to the cosmic microwave background (CMB) has been subtracted, as is the case for the SN Ia data sets
we consider.
The background angular diameter distanceDA(z) is predicted theoretically using the background cosmological
parameters measured by large scales observations of the Universe, in our case the CMB measurements of the
Planck [2] mission, while DA(z) is the observed distance. It is then immediate to determine the radial component
vr of the peculiar velocity from eq.(1)
vr = −ve · n = −z c
(
DA
DA
− 1
)
= −z c
(
DL
DL
− 1
)
= −z cδDL (2)
where we used the reciprocity relation between the angular and the luminosity distanceDL(z) = (1+z)
2DA(z),
and we introduced the luminosity distance contrast δDL, a dimensionless quantity which accounts for the relative
difference between the observed luminosity distance DL and the corresponding background value D¯L. Note that
the relation vr = −ve·n is due the opposite direction of n with respect to the outwardly directed radial coordinate
centered at the observer. Eq.(2) is the foundation of the reconstruction method we will apply, and allows to find
the radial peculiar velocity field of the sources from the difference between their measured luminosity distance
an the corresponding theoretical prediction obtained assuming a Friedman model with cosmological parameters
obtained from independent large scale observations which are not sensitive to local inhomogeneities, such as the
CMB [2, 10].
The monopole of the effects of local inhomogeneties can be computed by choosing a spherical coordinate
system centered at the observer position, and after integrating the Euler’s equations we get [12]
vr(z)
c
= −1
3
f δ¯(z)z (3)
where f = 1H
D˙
D is the growth factor and the volume averaged density contrast is defined as
δ(χ) =
3
4piχ3
∫ χ
0
4piχ′2δ(χ′) dχ′ . (4)
Eq.(3) is the basis of our analysis since it allows to model appropriately the peculiar velocity field in terms of the
density contrast. An under-density induces to an outwardly oriented velocity field, which if not distinguished
from the large scale expansion due to the Hubble flow, can lead to an apparent discrepancy between the
measurement of the Hubble constant obtained from local and large scale observations [10]. An inversion method
to determine the density contrast from the luminosity distance contrast was derived in [10], but it involves
derivatives with respect to the redshift, making it difficult to apply to observational data, while the peculiar
velocity obtained using eq.(3) is more suitable for data analysis since it does not involve any derivative, and for
this reason we will reconstruct the peculiar velocity field.
3DATASETS
We analyze data from the Supernova Cosmology Project [13] for supernovae, and for GW sources we use data
from the LIGO collaboration [1]. Using eq.(2) we can obtain for each object the radial component of its peculiar
velocity, in a system of coordinates centered at our position. This procedure does not require to assume any
spherical symmetry since the general formula depends on the radial component of the peculiar velocity, it only
assumes that the dominant effect of inhomogeneity is the Doppler’s effect, which is well justified at low red-shift
[9, 10].
The radial velocity field is not necessarily spherically symmetric with respect to the observer position, since
there can be anisotropies in the local structure, but here we will focus on the monopole component. There
is evidence that local structure is not isotropic [14], implying that extending the analysis to higher multipoles
could also be important, but as a first step towards investigating the effects of local structure imprinted on
the luminosity distance we will focus on the monopole. This can be done following two different approaches:
computing error weighted spherical shell averages of red-shift and velocity data before analyzing them, which
are by construction isotropic, or analyzing data without any averaging, assuming a model which includes the
radial dependence, but ignores the possible angular dependence. The averaging procedures consistes in dividing
the datasets in spherical shells of constant width, and averaging the data inside each shell. We analyze data
following both methods, finding a small difference between the results, hinting to the fact that the effects of
anisotropies are not strong. We will denote as z¯i and v¯i the error weighted shell averages of the red-shift and
peculiar velocities of the i− th shell, and as zi and vi the red-shift and peculiar velocity of each single supernova
or GW source.
PECULIAR VELOCITY INFERRED FROM SN OBSERVATIONS
According to eq.(3) the radial velocity due to the monopole of the density contrast should be given by
vr(z) = − c3f δ¯(z)z, which inside a region with constant density contrast δc gives δ(z) = δc and v(z) ∝ z.
Motivated by the above considerations, we will fit the monopole of the low red-shift peculiar velocity field
inferred from luminosity distance observation assuming a linear relation of the form v¯ = m z¯ + b, and obtain
the best fit parameter by minimizing the χ2 defined as
χ2 =
N∑
i=1
[
v¯i − (m z¯i + b)√
σ¯2vi + σ¯
2
zi
]2
(5)
where v¯i and z¯i are the shell averages of velocity and red-shift, and σ¯vi and σ¯zi their errors, obtained by
gaussian propagation of the errors of the values of the elements of each shell. The parameter m is related
to the volume averaged density contrast δ¯ by the relation δ¯(z) = − 3mfc . The results of the fits are shown in
fig.(1) and fig.(2). In both cases there is a strong statistical evidence of presence of radial velocity field directed
outwardly, which corresponds to a volume averaged density contrast of about δ¯ = −0.4. The difference between
the two fits, one with shell averaged data and the other with single data points, is an hint to the importance of
anisotropies in this red-shift range, i.e. for zmax = 0.0685.
4FIG. 1: Results of the fit of eq.(5) with shell averaged data, and maximum red-shift zmax = 0.0685. We can exclude the
m = 0 null hypothesis at more than 4σ confidence level.
FIG. 2: Results of the fit of eq.(5) with not shell averaged data, and maximum red-shift zmax = 0.0685. We can exclude
the m = 0 null hypothesis at more than 4σ confidence level.
DETERMINING THE SIZE OF THE INHOMOGEITY
We have shown that low red-shift observations support the existence of a local underdensity, but it is also
important to determine its size. For this purpose we will model the local underdensity with a density profile of
the type
δ(χ) = δh[θ(χ− χh)− 1] (6)
where χh is the comoving distance of the edge of the imhomogeneity, δh the density contrast inside the inho-
mogeneity, and θ(x) is the Heaviside function. Using eq.(3), after computing the volume average δ¯(z) of the
density contrast, we get the following form for the radial velocity profile
vr(z)
c
=
 mz for z < zh
d/z3 for z > zh
(7)
where the matching condition at zh implies zh = (d/m)
1/4.
5FIG. 3: Results of the fit of eq.(8) with shell averaged data, and maximum red-shift zmax = 0.11. We can exclude the
m = zh = 0 null hypothesis at more than 4σ confidence level.
FIG. 4: Results of the fit of eq.(8) with not shell averaged data, and maximum red-shift zmax = 0.11. We can exclude
the m = zh = 0 null hypothesis at more than 4σ confidence level.
We fit the data with this model by minimizing with respect to the two parameters m, d the following χ2(m, d)
χ2 =
∑
z<zh
(
vri −mzi
σvi
)2
+
∑
z>zh
(
vri − d/z3i
σvi
)2
(8)
We perform two different fits, one with shell averaged data, and another without shell average, the results of
which are shown respectively in fig.(3) and fig.(4). As explained previously, depending on the type of fit the
subindex i corresponds respectively to shell averages or to the single data points. As can be seen in the figures,
the results of the fit using shell averaged data or single data points are very similar, hinting to the fact that the
effects of anisotropies are not very strong.
The confidence contour plots show the presence of a radial velocity field corresponding to an inhomogeneity
with a density contrast of about −0.048±0.003, extending up to a red-shift of about 0.083±0.005. This kind of
inhomogeneity could have been generated by a 2σ peak of primordial curvature perturbations [14], which is not
6a very unlikely event. Independently from the probability of being located inside such an inhomogeneity, the
unbiased data analysis we have performed is giving a strong statistical evidence of its presence, which should
be considered for its statistical significance, more than for the theoretical estimation of its probability, since
the latter con rely on numerical simulations involving several parameters or assumptions whose implications
are difficult to track or verify, while our analysis can be easily reproduced since is based on a simple unbiased
model. Most of the GW sources are located outside this inhomogeneity, explaining why the H0 value estimated
from these objects is in agreement with the estimation based on other large scale observations such as the CMB.
CONCLUSIONS
We have performed a combined analysis of the luminosity distance of standard candles and standard sirens,
reconstructing the radial peculiar velocity field, obtaining results consistent with the existence of a local inho-
mogeneity with a density contrast of about −0.048± 0.003, extending up to a red-shift of about 0.083± 0.005.
Most of the GW sources are located outside this inhomogeneity, explaining why the H0 value estimated from
these objects is in agreement with the estimation based on other large scale observations such as the CMB. This
is in accord with the theoretical prediction of the effects of a local inhomogeneity, since the leading monopole
perturbative effect is proportional to the volume averaged density contrast, which is inversely proportional to
the cube of the distance from the point respect to which the monopole is computed. Future GW and SN obser-
vations could be used to further investigate the local structure, and in particular to constrain higher multipoles,
whose presence is supported by other analysis [14–16].
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